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Abstract
In a recent work [1], a family of symmetric polynomials of the eigenval
ues of a square complex matrix was defined and a one-to-one relation with a
corresponding family of polynomials of matrix entries was established. Several
consequences and applications of this result were pointed out and discussed. In
this paper, we summarize results which follow from this work and particularly
refer to the class of nonnegative matrices.
Key words: nonnegative matrices, symmetric polynomia1s , eigenvalue
ineq uali ties

1. Int roduction. Given a matrix A = [ad E Mn(C) , the mult iset of
eigenvalues AI," " An of A (spectrum of A) will be denoted by A = (AI, ... , An).
We shall write A ~ 0 (A > 0) if A = [aij] E Mn(R) with aij ~ 0 (aij > 0),
i, j = 1, ... , n. I t is well known that the spectrum of a matrix A 2 0 contains
a nonnegative eigenvalue (Perron root of A) which is greater or equal to the
absolute value of any other eigenvalue. In the spectral theory of nonnegative
matrices there is plenty of results in the form of inequalities which give upper
and lower estimates of the Perron root, establish relations among the P erron
root and the other eigenvalues, provide criteria for specific matrix prop erties, etc.
Several other typ es of inequalities are also known to hold for the eigenvalues of a
nonnegative matrix. We shall briefly mention some of them.
lThis work was supported by project "Linear models of control systems and optimization of
functions over the efficient set of multicriteria optimization problems" under Contract No 010084,
Institute of Information Technologies.
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Indeed, the nonnegativity of A implies tr(Ak) 2:
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inequalities (2) follow immediately.
Less obvious relations among the power sums are obtained by Loewy, London
and Johnson, e.g. see e]. In this case, we have
m
n m-l Skm >
_ Sk'

(3)

k,m = 1, 2, ... .

Inequalities (3) can be deduced from the well known Holder 's inequality and it is
easily seen that the equality in (3) is attained if A is a scalar matrix, i.e. A = cd,
ex 2: O. Also, it follows from (3) that n m - 1 sm 2:
m = 1,2, ... which together
with the obvious inequality Sl 2: 0 imply t he power sum inequalit ies (2).
Another type of inequalities follow from the result in [3], where it is shown
that the element ary symmetric functions of the eigenvalues of an M-matri..'C satisfy
the classical Newton's inequalities. In particular, let AI, . . . ,An be the eigenvalues
of a nonnegative matrix A with Perron root Al = max IAil. Then All - A is an

sr,

lSi ~n

M-matrix with eigenvalues 0, Al - A2, . .. , Al - An which satisfy t he inequalities
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where ej is the j-th elementary symmetric function of the sequence 0, Al 
A2, ... , Al - An for j = 0, 1, . .. , n. In the general case, inequalities (3) and (4) are
independent. More precisely, it is shown in [3] that neither the two conditions (2)
and (3) together imply (4) nor the two conditions (2) and (4) together imply (3).
However, a relation between (3) and the inequalities of Newton is pointed out
in [4], where it is shown that each inequality in (3) for m = 2 and k = 1,2, . ..
follows from the first Newton's inequality applied to the eigenvalues of Ak for
k = 1,2 , . .. , respectively.
Apart from their independent interest, inequalities involving eigenvalues of
a nonnegative matrix play an important role in the study of certain prop erties
of other matrix classes and matrix-theoretic problems. Typical examples in this
respect provide the class of M-matrices [5,6] and the various forms of the inverse
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eigenvalue problem for nonnegative matrices [7]. In the latter case, it is clear that
each of the inequalities (2)- (4) provides a necessary condition for an n-tuple of
complex numbers .AI, ... ,.An to be the spectrum of a nonnegative matrix.
In this papeL we present a family of inequalities relating t he eigenvalues
and diagonal entries of a nonnegative matrix. T hese inequalities follow from the
main result in [1] and can be viewed as a broad generalization of t he power sum
inequalities (2). In fact, (2) turns out to be the simplest 'pecial case in our
family of inequalitiw" . Another set of inequalities satisfied by the power sums of
the eigenvalues of a nonnegative matrix is also given.
2. Main result. T he foll owing index sets will be used in the sequel. Given
a p ositive integer n, Ie N be the set N = {I, 2, . .. , n}. For integers m and n
with 1 ::; m ::; n, we shall denote by Qm,n the set of all sequences of the form
i = (iJ ," " i m ) such t hat i l , .. . , im E IV and i l < ... < i m . It can be easily
seen that Qm,n has (~) elements. We shall also use sequences of nonnegative
integers of the form j = (jl, . . . , jm ) and in this case Ii i will denote t he sum
Ii i = )1 + ... + jm. T he po it ions of elements in i = (iI, . .. ,jm ) will matter so
that the number of all sequences satisfying Iii = Ie for some nonnegative integer k,
is (k+r;:-l). With thi notation, the complete homogeneous symmetric polynomial
of degree k in m independent variables Xl, ... , X m is defined as

(5)

For a matrix A E A-1n (C), the principal submatrix obtained by deleting rows
and columns of A with indexes iI, ... , im is denoted by A(iI, ... , i m ). A special
notatiO!.l is used for the diagonal entries of a matrix, I.e., [A]p denotes the diagonal
element of A at position (p, p). This notation is particularly suitabl in i entifying
diagonal elements of powers of a given submatrix of A. Thus, [A (i 1 , •.• ,im)q]p
denotes the diagonal element at position (p,p) of the q-th power of A(il, ... , im);
note that, in this case, p ranges from 1 to n - m.
i. ow, let A = [aij] E Mn(C) be given with spect.rum A = (.AI, .. . , .An ). The
following family of polynomials of .AI , .. . .An is defined and studied in [1J . For
each m, 1 ::; m ::; n, let sk,m(A) be the polynomial given by

(6)

sk ,m(A)

=

L:

hk(.Ai\ , ... , .Aim )'

k = 0,1, ...

iEQ m,n

Note that the special cases m = 1 and m = n reduce to Sk ,l (A) = Sk and
sk,n(A) = hk(.Al, ... ,An) for k = 0,1, .... Another family of polynomials of t he
entries of A is also defined as follows. Given m, 1 ::; m ::; n, let Pk,m( A ) be the
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We recall that [Ak] i in inequality (10) denote, the diagonal element at position
(i, i) of the k- t h power of A. By applying this inequali ty to the right-hand side
of (7), it is o bt ai! cd

(11 )

Pk,m(A) 2: Pk,m(diag(A) )

L

=

hk(aili p "" aimim

)·

iEQm ,n

Now, inequality (8) follows by taking into account the defini tion of sk ,m( A ) in (6),
equality (8) in Theorem 1 and inequality (11).
Two special cases of T heorem 2 can be pointed u t. In the simplest sp ecial
case m = 1, the following well known inequalities are obtained from (9):
n

n

L Af 2: L a~i'

(12)

i =l

k = 0, 1, 2, ....

i=l

Since Sk = L:7=1A7 and aii 2: 0, i = 1, . .. , n , (12) obviously implies the power
sum inequalities (2). The other special case provides a relation b etween the
complete homogeneolls symmetric polyn omials of the eigenvalues and diagonal
entries of a non negative matrix. In particular, the case m = n in (9) yields the
following inequalities:

(13)
By considering AI,'" ,An as indep endent variahles, polynomials sk,m(A) de
fin ed by (6) can be viewed as elements of the ring An,z of all symmetric poly
nomials of n variables with integer coefficients. It is well known th at t he power
k = 0,1, ... , provide a hasis in An, z, so that any element
smns Sk = L:~l
in t he ring An,z can be uniquely written as a polynomial of t he power sums of
AI, ... , An. However, finding t he explicit form in which a polynomial of AI , . '" An
in An,z is wr it ten as a linear comhination of the elements of a given basis is not
always straightforward and t he study of relationships among t he di fferent bases
in An,z is an important subject in the theory of symmetric funct ions [8]. In
what follows, we consider the case m = 2 in (6) and state an explicit formula for
Sk,2(A) as a polynomial of the power sums So , .. . Sk for k = 0, 1, . ... T his result
is formulated in the next prop osition.
Proposition 1. Let A = (A I, .. . , An ), Sk ,2(A) be given by (6 ) with m = 2
and Sk denote the power sums (1). Th en

Af,

I

(14)

Sk,2(A) =

1( L

Sp8q

-

(k

+ I )Sk)

'

k

= 0,1, . ..

p+q=k
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Proof. By expanding the right-hand side of (14), it is obtained
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n
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L

N w, (14) follows immediately from equalities (15) and the definit ion of Sk ,2(A)
in (6).
The ab ove proposition is t aken from [1 ] and the proof in this reference is
based on t he expansion of two power series and comparison of their coefficients of
the equal powers. Obviously, the proof given here is shorter and straightforward .
Equality (14) enables us to obtain t he following result.
Theorem 3. Let A = [aiiJ E J....1n(R), A = (AI , ... , An) and A 2: 0. For each
k = 0, 1, ... , the fo llowing inequality holds

(16)

~( L

S pS q -

(k

+ l) Sk ) 2:

p+ q=k

L

hk(a i l i l,ai2i2)'

i EQ 2,n

b
It is easily seen that (lJ) follows from inequality (9) with m = 2, the defi
ni ion of Sk,2(A) in (6) a nd equality (14). Thus, in the special case m = 2, the
above t heorem gives an equivalent form of (9) expressed in terms of the p<twer
is
sums So, . .. ,Sk. Since A is a nonnegative matrix, t he right-hand side of
nonnegative and T heorem 3 yields a family of power sum inequalities in the form

(V1'

(L

8pSq -

(k

+ I)Sk ) 2: 0,

k

= 0, 1, ....

p+ q=k

3. Conclusion. T he main result of the paper is formulated in Theorem 2
and it represents a family of inequalities involving symmetric p olynomials of the
eigenvalues and di agon al entries of a nonn gative m atrix. This result reveals
specific properties of the class of nonnegative mat rices and it also provides a
generalization of some well known and widely used inequalities. In Proposition 1,
w have obtained an explicit formula for Sk,2( A) as a polynomial of the power
sums So , . .. ,S k and we h ave used this result in Theorem 3 in order to give an
equivalent form of inequalit ies (9) in the case m = 2. An interesting question
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